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Abstract

This document provides the proofs of the main (unpublished) results presented

in [I], which can be seen as “normalized” versions of results previously published
in [3] 2].

1 Reliability

1.1 General case

0 ifA=10
X PP(b) Epg,o=a m1(B)m2(C) therwi
1=, PE(b) X pg, c—p m1(B)m2(C) otherwise.

Theorem 1. Bm(A) = {

Proof. Let Piag := Pja x PB. For all A € 29, we have

Ps({(w1,w2,b) € Q1 x Uy x B: T(wi,ws, b) = A})

= Plglg({(wl,WQ,b) S Ql X QQ x B : F(wl,WQ,b) = A| @B})
Plzg({(wl,WQ,b) € Ql X QQ x B: F(W1,W2,b) = A} N @B)
Pi25(05)

(assuming that P1og(©p) > 0).
From {(w1,w2,b) € Q1 X Qo x B : T'(wy,w2,b) =0} N Op =0, we obtain

Ps({(w1,w2,b) € Q1 x Qo x B: T'(wy,ws,b) = 0}) = 0.
Now, for A # (), we have

{(w1,w2,b) € Q1 X Qo X B: (w1, ws,b) = A} N Op
= {(wl,WQ,b) (S Ql X QQ x B : F(wl,WQ,b) = A}



Hence,
Plgg({(wl,WQ,b) c Ql X QQ x B : F(wl,WQ,b) = A} N @B)
P1o5(O5)
PIQB({(wl,wg,b) S Ql X QQ x B : F(wl,wg,b) = A})
1-— Plglg({(wl,wg,b) S Ql X QQ x B : F(W1,WQ,b) = @}) )

Furthermore, for all A € 29, we have
PlQB({(Wl,LUQ,b) e x Q9 x B F((.U1,U)2,b) = A})
= Z Piap(w1, w2, b)

(w1 ,w2,b): Iy (w1)®bF2(82):A
= Z Plg(wl,WQ)PB(b)

(w1,w2,b):I'1 (w1)®pI'2(s2)=A

= ZPB(I)) Z Plg(wl,WQ)
b

(w1,w2):T1(w1)@pT2(s2)=A

= > P5(b) > Py (w1)Py(s2)
b

(wl ,wg):Fl (w1 )®bF2 (Sg):A

= Y P50 > mu(B)ma(C). (3)
b

B,C=A
The theorem follows from , and from and . ]
1.2 Particular cases
1.2.1 Dependent reliabilities

Proposition 1. Let PR such that

PR(rell,unrelg) = aq,
PR(unrely,rely) = 1-—a,
for some a € [0, 1].
We have
R

m=amy + (1 — a)ma.

Proof. Let bl be the connective induced by assumption (rely,unrely) and let b2 be the
connective induced by assumption (unrely, rels).
Rm is equivalently induced by the random set (Q; x Qo x B, Pg, rs ) with Pg the
probability measure such that P5(b1) = a and PB(b2) = 1 — a.
The proposition follows from Theorem [1] and the fact that for all (4, B) € 2© x 29,
we have A ®py1 B=A and A Qp B = B.
O



1.2.2 Independent reliabilities

Proposition 2. Let P® such that PR = P™ x PRz with PRi(unrel;) = o; for some
a € 0,1].
We have

Rm = “Im1 & “?my (4)

Proof. Let b3 be the connective induced by assumption (relj,rels) and let b4 be the
connective induced by assumption (unrely,unrels).
Rm is equivalently induced by the random set (Q; x Qo x B, Pg, rs ) with Pg the

probability measure such that

PE(B3) = (1—a1)(l - aa),
PB(b4) = oqao,

PE(b1) = (1—ai)as,
PE(b2) = (1 —ay).

From Theorem and the fact that for all (4, B) € 2° x 29, we have A®y3 B = ANB
and A @ps B = 0, ®m is equal to:

0 if A=10,

R 1—a1)(1—a2)m1(©)ma(©)+(1—a1)asmi(0)+ai (1—az)me(O)+aia .
m(A) = § e a0t ifA =6,
(17&1)(17&2) ZBQC:A mi (B)mg (C)+(170(1)a2m1 (A)+a1(17a2)mg(14)
I-(1—a1)(1—02) 3 pno=p m1(B)m2(C)

otherwise.
(5)

Now, let us consider the mass function m’ resulting from the discounting of mass

function m; with discount rate «;, ¢ = 1,2, followed by the combination by Dempster’s
rule of the resulting discounted mass functions, i.e., m’ := “my @& “2my. We have

m/(0) = 0 and, for A # 0,

m’ _ ZBQC:A “my(B) a2m2(c)
W= 155 ess @ma(B) @ma(C) (6)




Now, for A # 0, Eq. @ can be rewritten
Y Bro,020 “'mi(B) “2my(C) + “my1(0) “2ma(A) + “my(A) “?me(O)
BNC=A

1 =3 pro=g “mi(B) *2mz(C)
(I—e1)(1=a2) 3 p2e o260 m1(B)m2(C)+((1—a1)mi(0)+a1)(1—az)mz(A)+(1—a1)m1(A)((1—az)ms2(0)+az)

_ BNnC=A
1= prc—g **mai(B) *2my(C)
(-a1)(A-a2) X psg c£0 m1(B)m2(O)+(1—a1)(1-a2)m1 (O)ma(A)+ar (1—ag)ma(A)+(1—a1)(1—ag)my (A)m2(O)+(1—a1)agmi (4)
_ BNC=A
1= pnc—p **ma(B) *2my(C)
_ (A —a)(d = a2) ¥ prg—ami(B)ma(C) + an (1 — ag)ma(A) + (1 — a1)agmi(4) T
1= pnc=p “'mi(B) *2my(C)
and, for A = 0, Eq. @ reduces to
“1my(©) “me(O)
1= pnc=p “'mi(B) *2my(C)
(1= a1)m1(©) + a1)((1 — a2)m2(©) + ag)
1 =2 Bno=p “'ma(B) *2my(C)
(1 — Oél)(l — ag)ml(@)mg(G) + (1 — al)Qle(@) + 041(1 — ag)mg(@) + ajae
1 =2 Bno=p “'mu(B) *2mz(C)

(8)

Remark that if BN C = ) for some B and C such *'m;(B) > 0 and *2my(C) > 0,
it must be the case that B # © and C' # ©. Therefore, we have

Yo mi(B)@me(C) = (I-a)(l—az) Y mi(B)ma(C) (9)

BNC=0 BNC=0
and thus Eq. is equal to the last case of , and Eq. is equal to the second case

of .
O

2 Dependence

Theorem 2. Any mass function m on © = {6,...,0k} satisfies

m = @U({el}d17 ) {HK}dK)

with d;, 1 < i < K, the means and o the dependence vector of the K-variate Bernoulli

distribution Py g such that
P k(S1=w1,..., 8 = wk) = m(Ay)

with A, the subset of © such that 0; € Ay, if w; =1 and 0; € A, if w; = 0, for all

w=(wi,...,wxg) € Q.



Proof. Given the definition of @, we have that @a({91}d1, s {QK}dK) is the mass

function my__ g induced by the random set (2, P~,I'n) with

o ()= Xililgi; QZ = {0? 1}7

o Th(w) ==K, Ti(w) for all w = (wy,...,wy) € Q, with T;(0) = {6;} and T;(1) =
o.

e P the probability distribution P;. g conditioned on ©n, where P g is the dis-
tribution having P, ..., Pk, as marginals, with P;(1) = d;, and specified by vector
o, i.e., it is the K-variate Bernoulli distribution with means d;, 1 < i < K, and

dependence vector o.

Now, since a K-variate Bernoulli distribution is characterized by its means and depen-

dence vector, given the statement of the theorem, we have that this distribution P;_ g

satisfies Py g (S1 = w1,...,Sx =wg) = m(Ay), for all w = (w1, ...,wN) € Q.
Furthermore, similarly as in the proof of [2] Proposition 1], we have, for all w =

(wl,...,wN) e O

K
Pn(w) = [Tiw)
i=1

i:w;=0

= m O\{0;}

i:wi:0
= @\{(9Z : i,wi = 0}
= {01 . i,wi = 1} = Aw‘ (10)
Remark that T'n(0) = Ag = 0 and I'n(w) # 0 for all w # 0, and that Py x(0) =
m(Ao) = m(0) = 0, hence we have, for all w € €:
Pr(w) = P k(w)
= m(Ay,). (11)
From Egs. and , we have m; g (Aw) = PA({w € Q : I'n(w) = Ay) =
m(Ay), for all w € Q. Hence, the mass function @a({el}dl, ceey {GK}dK) is the mass

function m.

O]
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